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ABSTRACT 

Classical higher-derivative gravity is investigated in the context of the holographic 
renormalization group (RG). We parametrize the Euclidean time such that one step 
of time evolution in (d -|- l)-dimensional bulk gravity can be directly interpreted as 
that of block spin transformation of the d-dimensional boundary field theory. This 
parametrization simplifies the analysis of the holographic RG structure in gravity 
systems, and conformal fixed points are always described by AdS geometry. We find 
that higher-derivative gravity generically induces extra degrees of freedom which ac¬ 
quire huge mass around stable fixed points and thus are coupled to highly irrelevant 
operators at the boundary. In the particular case of pure R^-gravity, we show that 
some region of the coefficients of curvature-squared terms allows us to have two 
fixed points (one is multicritical) which are connected by a kink solution. We fur¬ 
ther extend our analysis to Minkowski time to investigate a model of expanding 
universe described by the action with curvature-squared terms and positive cos¬ 
mological constant, and show that, in any dimensionality but four, one can have 
a classical solution which describes time evolution from a de Sitter geometry to 
another de Sitter geometry, along which the Hubble parameter changes drastically. 
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1 Introduction 


The AdS/CFT correspondence states, in its simplest form, that {d + l)-dimensional 
(super)gravity in an AdS background describes a d-dimensional CFT at the boundary 
|I|]p[0|. (For a review, see @].) One of the most important aspects of this correspon¬ 
dence is that it gives us a scheme to investigate the renormalization group (RG) structure 
of the d-dimensional held theory P @] [0 HI 0 0 fill 0 0 [|T3- In this scheme, the holo¬ 
graphic RG, the radial coordinate of the {d l)-dimensional manifold is identihed with 
the RG parameter of the corresponding boundary held theory, and a classical trajectory 
of bulk helds is interpreted as an RG how of the corresponding coupling constants in the 
d-dimensional held theory. As an example, the Weyl anomaly of a four-dimensional held 
theory is calculated using the holographic RG scheme and exactly reproduces the large N 
limit of the Weyl anomaly of the four dimensional A/” = 4 SU{N) super Yang-Mills theory 
when supergravity comes from type IIB supergravity on AdSs x . For a held theory 

in any dimensionality, there is a systematic formulation of the holographic RG using the 
Hamilton-Jacobi equation of gravity systems |]^|]^|T^ (see also |T9| |2^ HU ). 


Glassical Einstein gravity discussed above is actually the low energy limit of a string 
theory, and an important issue is whether this correspondence can be extended to the 
level of strings H3HUHH1131 lUl • I^ HU; ^ discussed that the AdS/GFT cor¬ 
respondence does hold even when a' corrections are taken into account, where a' is the 
square of the string length. The gravity system considered in p3 is R^-gravity whose La- 


grangian density contains curvature squared terms which would appear after integrating 
over massive string excitation modes (such higher-derivative interactions also appear for 
matter helds). In general, a higher-derivative system^ with the Lagrangian L{q, q, q) can 
be treated in the Hamilton formalism by introducing a new independent variable Q which 
equals q classically. (We call this new variable the higher-derivative mode.) Thus the 
Hamiltonian for this system is a function of {q,Q) and their conjugate momenta, {p,P). 
It was pointed out |2^ that one can establish the AdS/GFT correspondence in higher¬ 
dimensional gravity if we take the mixed boundary conditions which set the Dirichlet 
boundary conditions for the light mode q and the Neumann boundary conditions for the 
higher-derivative mode Q (he., P = 0 at the boundary). As a check of this proposal, the 
^ See which also investigates higher-derivative systems in the context of string theory. 
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Weyl anomaly was calculated for the i?^-gravity system which is AdS/CFT dual to the 
M =2 superconformal held theory in four dimensions, 0 and the obtained result reproduced 
that of and which is consistent with the held theoretical calculation [^. A brief 
review of classical mechanics of higher-derivative systems is given in Appendix A. (For a 
review of higher-derivative gravity, see, e.g., [0-) 


The main aim of the present paper is to further clarify the holographic RG structure in 
higher-derivative gravity, by investigating its classical solutions with the following steps. 
We hrst give a parametrization of the Euclidean time such that its evolution can be 
directly interpreted as change of the unit length of the d-dimensional equal time slice, 
and we call the parametrization the block spin gauge. With the use of this gauge, we 
then investigate (1) a higher-derivative pure gravity system and also (2) a system of a 
scalar held with higher-derivative interaction in Einstein gravity. For both systems, some 
region of the coefficients of the higher-derivative terms allows us to have a stable AdS 
solution, around which the higher-derivative mode acquires huge mass and thus is coupled 
to a highly irrelevant operator at the boundary. In the other region of the coefficients, 
we show that any AdS solution becomes unstable and the higher-derivative mode in the 
AdS background becomes tachyonic with mass squared far below the unitarity bound, 
so that the holographic RG interpretation is not applicable. We also show, in the pure 
gravity case, that there are two AdS solutions in a certain region of the coefficients and 
there is also a solution which interpolates these two AdS solutions. In the context of the 
holographic RG, this means that there are two hxed points in the phase diagram of the 
d-dimensional held theory, and that the solution which connects them corresponds to an 
RG how from a multicritical point to another hxed point. 


The organization of this paper is as follows. In §2 we introduce the block spin gauge. 
In §3 we investigate a higher-derivative pure gravity system, and then in §4 we investigate 
a system of a scalar held with higher-derivative interaction in Einstein gravity. In §5, we 
extend our analysis to higher-derivative gravity with Minkowski time and investigate a 
model of expanding universe with positive cosmological constant. There, we show that 
one can have a solution for which a de Sitter space-time hows to another de Sitter space- 
time and the Hubble parameter changes drastically. §6 is devoted to a conclusion and a 
^The gravity system is given by IIB supergravity on AdS^ x /Zi The action contains an 

i?^-term, reflecting open-string excitations. 
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discussion about the meaning of the mixed boundary conditions proposed in |28 


2 Block Spin Gauge 

In this section we introduce a gauge in which (Euclidean) time evolution in a (d + 1)- 
dimensional manifold is directly regarded as change of the unit length in the d-dimensional 
equal time slice. Although this gauge restricts class of the geometry one can consider, 
it is actually enough for investigating the holographic RG structure in higher-derivative 
gravity. 

We start by recalling the ADM decomposition which parametrizes a (d-l-l)-dimensional 
metric with Euclidean signature: 

ds^ = dX>^dX^ 

= N{x, rYdr"^ + gij{x, T){dx^ + XdT){dx^ + X^dr), (2.1) 

where X^ = (a;*,r) with i = l,---d, and N and A* are the lapse and the shift func¬ 
tion, respectively. In what follows, we exclusively consider the metric with d-dimensional 
Poincare invariance by setting gij = N = N{t) and A* = 0: 

ds^ = N{T)'^dT'^ + (2.2) 

For this metric, the unit length in the d-dimensional equal time slice at r is given by 

We shall consider two kinds of gauge fixing (or parametrization of time). One is the 
temporal gauge which is obtained by setting N{t) = 1: 

ds^ = dr^ 4- e~‘^‘^^'^^Sijdx^dx^. (2.3) 

The other is a gauge fixing that can be made only when the condition 

^ > 0 (—cx) < T < oo) (2.4) 

dr 

is satisfied. Then q can be regarded as a new time coordinate, and we call this parametriza- 
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tion the block spin gauge!^ By writing g(r) as t, the metric in this gauge is expressed asQ 

= Q{t)~‘^dt^ + e~^^6ijdx^dx^. (2.5) 

Since two parametrizations of time (temporal and block spin) are related as 


t = j(t) 


( 2 . 6 ) 


together with the condition (p^.4|) , the coefficient Q{t) is given by 

dq{T) 


Q{t) = 


dr 


> 0 ). 


(2.7) 


T=g-l(t) 


Note that constant Q (= l/l) gives the AdS metric of radius I, 

ds^ = dr^ + dx‘1 (temporal gauge) 

= fdt^ + dx'j (block spin gauge), 


( 2 . 8 ) 


with the boundary at r = —cx) (or t = —oo). 

Here we show that the condition (|2.4|) sets a restriction on possible geometry, by 
solving Einstein equation both in the temporal and block spin gauge. In the temporal 
gauge, the Einstein-Hilbert action 


becomes 


Sp = 


’ ^d+l 




2A-R 


(2.9) 


Se 


-d{d - l)Vd 





( 2 . 10 ) 


up to total derivative. Here we parametrized the cosmological constant as A = —d{d — 
1)/2R, and is the volume of the d-dimensional space. The general classical solutions 
for this action are 


dq 

dr 


1 1 - 

1 1 + Ce<^Ai 


{C > 0). 


( 2 . 11 ) 


^ In this gauge, the unit length in the d-dimensional equal time slice at t is given by a{t) = aoe* with 
a positive constant oq. If we consider the time evolution t ^ t + 6t, the unit length changes as a —> e‘^*a, 
in other words, one step of time evolution directly describes that of block spin transformation of the 
d-dimensional field theory. 

^ This form of metric sometimes appears in literature (see, e.g., p3|). 
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This shows that geometry with nonvanishing, hnite C* (C 7 ^ 0 or cx)) may not be described 


m 


the block spin gauge since q vanishes at r = — ^ InC, breaking the condition ( p.5|) . In 


fact, in the block spin gauge ( ^75|) , the action (|2.9|) becomes 


Se = —d{d — l)Vd J dte 

which readily gives the classical solution as 


—dt 


PQ 


+ Q , 


Q(t) = ± 


I 


( 2 . 12 ) 


(2.13) 


This actually reproduces only the AdS solution in the temporal gauge with C = 0 or cx). 


3 Higher-Derivative Pure Gravity in the Block Spin Gauge 


In this section we investigate classical i?^-gravity in the block spin gauge, and give a 
holographic RG interpretation to higher-derivative modes. A brief review of classical 
mechanics of higher-derivative systems is given in Appendix A. 

The action of pure i?^-gravity in a (d -|- l)-dimensional manifold M^+i with boundary 
Erf is generally given by 


S = 


V? (2A - R-aR^ - bR^ - cR 

V \ LLL' 


^d+1 






+ / d^x^{2K + xiRK + X2RijK^^+x^K^ + XiKKl + x^Kl), (3.1) 


with some given constants a, b, c. Here Kij is the extrinsic curvature of given by 


^ij 2j\r VjAj VjAj) 


A 

dt 


(3.2) 


and K = g^^Kij. Vj and Rijki are, respectively, the covariant derivative and the Riemann 
tensor dehned by Qij in the ADM decomposition ( |2.1|) . The hrst terms in the boundary 
terms in (|3.1|) is the one for Einstein gravity given in ||^ and the remaining terms are the 
most general ones which are invariant under the (d-l-l)-dimensional diffeomorphism which 
does not change the position of the boundary. For details, see [^. (Another discussion 
of boundary terms in higher-derivative gravity can be found in and p^ .) 

Substituting the block spin gauge metric ( p.5|) into the action ( p.lD , we obtain 


S[Q{t)] = Vd / dtL(Q,Q), 

Jto 


(3.3) 
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where 


L{Q,Q) = e 


- d(d - 1)Q - + BQ^ 

— (^d{d+l)a + db + 2c)+d(^cfx3 + dx4 + X5) , (3.4) 

3 dij 


with 


A = 2d{Ada + {d + 1)6 + 4d), B = —^^ (^d{d + l)a + db + 2c). (3-5) 

3 

We have set t to run from to to oo. The Lagrangian (|3.4|) gives the Euler-Lagrange 
equation for Q as 

QQ + 2^^ ~ dQQ = — ~ t) — 3BQ^^ . (3-6) 

The classical action S is obtained by substituting into S the classical solution Q(t) with 
the boundary condition Q(to) = Qo and the regularity of Q(t) in the limit t ^ oo, and 
will be a function of the boundary value, S[Q(t)] = S{Qo,to). 

In the holographic RG, this classical action would be interpreted as the bare action 
of a d-dimensional held theory with the bare coupling Qo at the UV cutoff A = exp (—to) 
Thus, the strategy of our analysis is as follows. We hrst hnd the solutions that 
converge to Q = const, as t —> cx) in order to have a hnite classical action. We then 
examine the stability of the solution to read off the form of general classical solutions. 
Since the solution Q = const, gives AdS geometry, the huctuation of Q around the solution 
is regarded as describing the motion of the higher-derivative mode in the AdS background, 
which will lead to a holographic RG interpretation of the higher-derivative mode. 


Following the above strategy, we hrst look for AdS solutions (he., Q{t) = const.). By 
parametrizing the cosmological constant as 


A = 


d{d — 1) 3B 


2/2 2/4 ’ 

the equation of motion ( p.6D gives two AdS solutions. 


Q^ = 



(3.7) 


(3.8) 
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where the solution Q = I //2 exists only when B > 0.|^ They have radii (z = 1,2), 
respectively, and we call them AdS^*^ (z = 1,2). We assume that one can take the limit 
a, 6, c —> 0 smoothly, in which the system reduces to Einstein gravity on AdS of radius 1. 
We also assume that this AdS gravity comes from the low-energy limit of a string theory, 
so that its radius /i = I should be sufficiently larger than the string length. On the other 
hand, the AdS^^^ solution, if it exists, appears only when the higher-derivative terms are 
taken into account. As the coefficient of the higher-derivative terms are thought to stem 
from string excitations, their coefficients a, 6, c (and so A,B) are 0{a'). Thus the radius 
of the AdS(2) is of the order of the string length as can be seen from the solution (p.8|) . 

Next we examine the perturbation of classical solutions around (|3.8|) , writing 

Q{t) = y+X,{t). (3.9) 

H 


The equation of motion (|3.6|) is then linearized as 


Xi — dXi — llrnlXi = 0, 


(3.10) 


with 


2 2/^,2 35 

" "I (“'• + IT 


(3,11) 


The equation (|3.1U| ) is nothing but the equation of motion for a scalar held with mass 
squared rrif in the background of the AdS^+i geometry, ds^ = tjdt^ + dx^. (block 

spin gauge), and the general solution is given by a linear combination of 


ftit) ^ exp 


^ ± Y ^ 1 t 


(3.12) 


Here can be easily calculated from (|3.8|) and (|3.11|) as 


llml = — {d{d — l)f — 65) , 

65 d{d — 1)/^ — 65 

2™2 = - ^ l)p _3B 


(3.13) 


In the following, we investigate these solutions both for z = 1,2, to understand the 
behavior of general classical solutions: 


® We consider only the case Q > 0 because of the condition (2.4). 














perturbation around 


From (|3.12|) and (p.l3|) , the behavior of f^{t) depends on the signature of A. For A > 0, 
recalling A is 0{a'), fi{t) grows and fi{t) dumps very rapidly. On the other hand, for 
A < 0, the value in the square root in ( p.l2|) becomes negative, thus both f^{t) grow as 
edt /2 pgj^g oscillating rapidly. 


perturbation aronnd AdS*^^^ 

We assume B > 0 because, as mentioned before, AdS*^^^ exist only in that region. For 
A > 0, both of /^(t) grow exponentially because < 0. On the other hand, for A < 0, 
f 2 (t) grows and (t) dumps exponentially. 


Besides, as we explained before, the solution which are of interest to us is such a so¬ 
lution that converges to either AdS^^^ or AdS*-^^ as t ^ oo, satisfying the condition that 
Q(t) be positive for all region of t [see (E3)l' After all, we can see that the classical solu¬ 
tions behave as in Fig. ^ and Fig.^ The numerical calculation with the proper boundary 
condition at t = -|-cx) actually exhibits these hgures and shows that the branch f~{t) is 
selected around Q = l/k. The result of the numerical calculation for A > 0 and B > 0 is 
shown in Fig.^. 



Figure 1: Classical solutions Q{t) for A > 0. 

Now we give a holographic RG interpretation to the above results. We hrst consider 
the AdS^^^ solution. Eq. (|3.10|) expresses the equation of motion of a scalar held in the 
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ji_ 

l2 
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h 



B<0 


There is no solution 
which coverges to 
AdS geometry. 


t 


t 


Figure 2: Classical solutions Q{t) for A < 0. 



Figure 3: Result of the numerical calculation of classical solutions Q{t) for the values d = 4, A = 0.1, 
B = 0.1 and I = 1 (l//i = 1 and I/I 2 = 6.24). 

AdS background of radius I, with mass squared given by 

= (3.14) 

Thus for A > 0, the higher-derivative mode Q is interpreted as a very massive scalar 
mode, and thus is coupled to a highly irrelevant operator around the hxed point since its 
scaling dimension is given by 

A = ^ -h + ^^"^1 > d. (3.15) 
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This can also be understood from Fig. ^ which shows a rapid convergence of the RG flow 
to the hxed point Q{t) = 1/1. On the other hand, for A < 0, the mass squared of the 
higher-derivative mode is far below the unitary bound —(P/AP for a scalar mode in the 
AdS*^^^ geometry [Q, and the scaling dimension becomes complex. Thus, in this case, 
the higher-derivative mode makes the AdS*-^^ geometry unstable, and a holographic RG 
interpretation cannot be given to such solution. 


We then consider the AdS*-^^. For A > 0 and R > 0 in Fig. one can find that 
classical trajectories begin from AdS*-^^ to AdS^^^ In the context of the holographic RG, 
this means that the AdS^^^ solution Q{t) = I/Z 2 corresponds to a multicritical point in 
the phase diagram of the boundary held theory. From (|3.8|) and (|3.11|) , the mass squared 
of the mode Q around the AdS*^^^ can be calculated to be 


ml = ~ (^d{d-l) - , 

and if this mass squared is above the unitarity bound, 

,2 2 QBd(d-l)P-QB 

= -li d(d-i)r--3B > “T- 

the scaling dimension of the corresponding operator is given by 


(3.16) 


(3.17) 


A = 


d 

2 

d 

2 


d2 


+ llml 


4 


6B 

~A' 


(3.18) 


For example, we consider the case where d = 4, a = b = 0 and c > 0.0 In this case, 
A = 32c > 0 and B = 8c/3 > 0, and thus the scaling dimension of Q around the AdS*^^^ 
is A = 2 -|- \flJ 2 . It would be interesting to investigate which conformal held theory 
describes this hxed point. 


We conclude this section with a comment on the c-theorem. In the block spin gauge, 
the function can be regarded as the c-function of the d-dimensional held theory 

PJ. Fig. 1 shows that it increases when A > 0, but this does not contradict what the 
c-theorem says because in this case, the kinetic term of Q{t) in the bulk action has a 
negative sign [see (|3.4|) ]. 

® This includes IIB supergravity on AdSs x /Tai which is AdS/CFT dual to W = 2 USp(N) SYM 4 
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4 Scalar Field with Higher-Derivative Interaction in Einstein 
Gravity 


In this section, we consider a scalar field with higher-derivative interaction in Einstein 
gravity. 

To simplify the discussion below, we consider the action 


S= 

•J Md+i 


V{cl>)-R+^r^d,<pd,<P + -{V^ 


+ 2 (4.1) 

J^d 


where V is the covariant derivative defined by and c is a given small constant of the 
order of a'. Substituting the block spin gauge metric into (|4.1|) , S becomes 


S = Vd L{(j), (j), (j); Q) 

Jto 

^—dt 


Qi'. 


= I I ^1/(0) - d{d - l)Q + 


'^0 


Q 


e-''*g0 


(4.2) 


As the Lagrangian contains 0, it is convenient to treat this system in the Hamilton 
formalism [^. Following the procedure given in Appendix A, we introduce a Lagrange 
multiplier vr and rewrite the action in the following equivalent form: 


S = Vd dt 

Jto 


+ e--" Rv( 4,) - d(d - 1)Q + + "-e‘“Q¥] . (4.3) 


Then, making the Legendre transformation from 4) to the conjugate momentum 


n = ce*<3®, 


(4.4) 


we further rewrite the action into the first order form: 


S = Vd dt 

Jto 


7r0 + n<i> - iL(0, $, vr, H; Q) 


where 


H(0, 4), TT, H; Q) = d{d - l)e-''*g + 


g 


'—dt pdt 

- e-‘^V(0) - —$2 


In (|4.5|), g appears without time derivative, thus it can be easily solved to be 


g2(0,<h,7r,n) = 


--4—- [Ln^ - v(<f) + (TTt - 

(i(4-l)[2c V 2 


(4.5) 


(4.6) 


(4.7) 
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and substituting this into the Hamiltonian (|4.6|) , we obtain the hnal form of the Hamil¬ 
tonian: 


TT, H) = 2d{d - <h, tt, H) 


(4.8) 


The Hamilton equation is given by 

Q0 = e'^*$, Q6 =-H, Qtt = e-'^V(0), QH = (<h - vr). (4.9) 

c 

As in the pure gravity case, we hrst look for the AdS solution which is given by 
Q = const. If we set 

,2 


1/(0)^ 


d{d — 1) /i^ 2 


+ 


P ' 2 

the AdS solution which satishes EH) and (EB) is given by 

Q = -, 0 = <h = 7r = n = O. 


(4.10) 


(4.11) 


We then expand the Hamilton equation (f4.9|) around the AdS solution (|4.11|) up to hrst 
order in variables: 


H = -— H, 

I I c 


-IT = )ri = e* (® - it) . 


(4.12) 


This can be easily solved by performing the canonical transformation ||^ 

fA 


$ 

TT 

vny 


= Oi 


/ 1 0 

0 1 0 

0 e~'^^cnrpM cM‘^ 0 

2 g a „dt 


0 c'^VmX ( A 


\cm 


0 e^^cM y 


$ 

TT 

Vn/ 


(4.13) 


with 


a? = 


p ^ (l + Vl -4c/i2j , = ^(l- Vl -4c/i2j . (4.14) 


hi - ^-- 

Vl - 4c/i2' 

Then, the linearized Hamilton equation (|4.12|) is decomposed into two sets of independent 
equations. 


= /e'^V, 

TT = —lTrPe~^^(j), 


= /e'^^H, 

n = 


(4.15) 


13 






















which are equivalent to 


(4.16) 

(4.17) 


cj) — d(f) — = 0, 

$ - = 0 , 

respectively.^] These are nothing but the equation of motion of two scalar helds with 
mass squared and respectively, in the AdS background Q = l/l. In particular, $ 
acquires large mass when c > 0 since its mass squared becomes 1 C 1/a' 3> m^. 
Thus the bulk scalar held $ is coupled to a highly irrelevant operator at the boundary. If 
we assume that 0 is a relevant coupling, i.e. —dP/AP < rrp < 0, then the RG how near 
the hxed point, 0 = <I> = 0, will converges rapidly to the renormalized trajectory given by 
0 = 0 [see Fig. Q. On the other hand, when c < 0, the mass squared of the scalar mode $ 





Figure 4: The RG flow of the coupling constants (0, $) near the fixed point 0 = 0 and $ = 0. 

is far below the unitarity bound, thus the AdS geometry becomes unstable. In this case, 
as in the pure gravity case with A < 0, i? < 0, the holographic RG interpretation of the 
higher-derivative system is not possible. 


^ When we add the higher-derivative term (V^0)^ to the action, the scalar mode is not 0 but 0, thus 
the mass of the observable field is not p, but m. 
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5 Application to a Model of Universe with Positive Cosmolog¬ 
ical Constant 

In this section, we apply our analysis of higher-derivative pure gravity to systems of 
Lorentzian gravity with positive cosmological constant. There, as classical solutions, one 
can have de Sitter solutions instead of AdS solutions. We shall see that, in a certain 
region of coefficients of higher-derivative terms, there are two de Sitter solutions as well 
as a kink solution which interpolates these two de Sitter geometries. 

We consider the following action of higher-derivative pure gravity in a ((i-l-l)-dimensional 
Lorentzian Manifold: 



(5.1) 


Our discussion is completely parallel to the one given in §3. We take the block spin gauge 
metric 



(5.2) 


where we flipped the sign of the exponent to describe the expanding universe. If Q = 


\/l =const., (1^) expresses de Sitter space-time of radius 1. With the metric (|5.2|) , the 
action ( b.l|) becomes 



(5.3) 


where A and B are again given by (|3.5|). This action gives the equation of motion for Q, 



(5.4) 


which is nothing but (|3.(j| ) if we make a change there as A —>■ —A and t —>■ —t. By 
parametrizing the cosmological constant as 



(5.5) 


the de Sitter solutions are obtained from (|5.4|) as 


1 1 





(5.6) 
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where the solution Q = I/I 2 exists only when B > 0. We call the solution Q = l//j the 
{i = 1,2) solution, respectively. 


As we did in §3, we next examine the perturbation of solutions around these de Sitter 
solutions. By writing Q{t) as 


Q{t) — — + Xi{t), 

^7. 


the equation of motion ( ^.41) is linearized as 


(5.7) 


Xi + dXi — XiXi — 0 , 


(5.8) 


where 



= l{d{d-l)l^-6B) , 

QB d{d-l)l'^-QB 
~ d{d-l)P-3B ■ 


(5.9) 


This equation is actually the time reversal of the linearized equation in the AdS case [see 
( p.lOj ), (|3.13|) ], and thus we readily hnd from Fig.|l| and Fig. ^ that the general classical 
solutions behave as in Fig. ^ and Fig.j^.^ Note that we now can have a meaningful solution 
when A < 0, i? < 0, since we no longer need to restrict our consideration to the systems 
with hnite classical action. 



Figure 5: Classical solutions Q{t) for A > 0. The dS^) solution is unstable, and the space-time 
converges to the dS^) geometry if it exists. 


® Actually, there exist solutions which converge to the unstable de Sitter geometry. However, we 
ignored them in Fig.^ and Fig.H because such solutions form a measure-zero subspace in the space of 
classical solutions. 
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Figure 6 : Classical solutions Q{t) for A < 0. The solution is now stable, and thus the space-time 
converges to the dS^) geometry. If the solution dS^) exists, there are solutions which describe time 
evolution from dS^) to 

The interesting case is when B > 0. Then there is a solution which describes time 
evolution of space-time from a de Sitter geometry to another de Sitter geometry. Since the 
Hubble parameter is dehned by H{t) = R{t)/R{t) for a metric 

one understands that the higher-derivative mode Q is nothing but the Hubble parameter: 

H{t) = Q(t(r)). (5.10) 

Thus, the solutions for H > 0 in Fig.|^ and Fig. ^ describe a universe in which the Hubble 
parameter changes rapidly from a constant to a constant. Since we are assuming that the 
coefficients of the curvature squared terms are of the string scale, the difference between 
the two Hubble constants is magnihcently large. Such solutions can always exist in all 
dimensionality but four (d = 3) because H 7 ^ 0 when d 7 ^ 3. The absence of such solutions 
in four-dimensional space-time might be remedied by coupling an extra matter held to 
gravity. 

6 Conclusion 

In this paper, we investigated higher-derivative gravity systems. We introduced the block 
spin gauge (|2.5| ) in which time evolution can be regarded directly as change of the unit 
length in the d-dimensional time slice. We considered (1) higher-derivative pure gravity 
and also (2) a scalar held with higher-derivative interaction in Einstein gravity. We exam¬ 
ined classical solutions in the block spin gauge and gave a holographic RG interpretation 
to the higher-derivative modes. 
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We showed the existence of AdS solutions for both systems (1) and (2), and discussed 
their stability. Under the request that the bulk helds be regular in the region far away from 
the boundary, we found that the stability of the AdS solutions depends on the values of the 
coefficients of higher-derivative terms. In the region of stable AdS, the higher-derivative 
mode can be interpreted as a very massive scalar held in the AdS background. Thus, 
in the context of the holographic RG, it is coupled to a highly irrelevant operator at 
the boundary. On the other hand, in the region of unstable AdS, the higher-derivative 
mode acquires large negative mass squared which is far below the unitarity bound in AdS 
gravity. In this case, it is difficult to give a holographic RG interpretation. 

For higher-derivative pure gravity, in particular, there is a region in which one can 
have two AdS solutions. In that region, one can also have a kink solution which describes 
a flow from an AdS geometry to another AdS geometry. (This is when R > 0 in the Fig. |l] 
and Fig.^.) In particular, for A > 0 and R > 0, the flow starts from the AdS geometry 
of much smaller radius (of the string scale). This describes an RG flow from a non-trivial 
multicritical point to another hxed point, the latter of which governs the universality 
class described by pure Einstein gravity. The appearance of such multicritical point is 
characteristic of the holographic RG for an R^-gravity system. 

As an application of our analysis, we investigated {d + l)-dimensional Lorentzian 
higher-derivative gravity with positive cosmological constant. We found that there is a 
solution which describes time evolution from a de Sitter geometry to another de Sitter 
geometry in a certain region of the coefficients of the curvature squared terms. Along the 
solution, the value of the Hubble parameter changes drastically. 

Finally, we comment on the meaning of the mixed boundary conditions which were 
adopted in p8| (see also Appendix A below). As mentioned above, the higher-derivative 
mode near the stable AdS solution is coupled to a highly irrelevant operator at the bound¬ 
ary, so the RG flow around the corresponding hxed point converges rapidly to the renor¬ 
malized trajectory on which the higher-derivative mode does not how. We shall see that 
one can actually pick up the renormalized trajectory by adopting the mixed boundary 
conditions. 


18 


( 6 . 1 ) 


In the case of pure gravity, the hxed point is given by the solution^ 

1 


Q = 


i 


On the other hand, from the Lagrangian 
lated as 


, the conjugate momentum for Q is calcu- 


p = -Ae-^^Q + 


Ad[d(d -\- l)ci -|- db -|- 2c^ -|- 3d(ji‘^x^ dx4 x^^ 




( 6 . 2 ) 


Thus, the hxed point ( |6.1|) can be picked up by the equation P = 0 if we set the coefficients 
as in 


28 


d'^x^ T dx4. T 3)5 — — — (d(d T 1)0 T db T 2c^. 
o 


(6.3) 


In other words, with the use of the freedom to add total derivative terms to the action, 
the coefficients can be chosen such that the equation P = 0 directly gives the hxed point. 
Note that the total derivative terms can be interpreted as the generating function of a 
canonical transformation which shifts the value of the conjugate momentum. 

The situation does not change for a scalar held coupled to Einstein gravity with higher- 
derivative interaction. When 0 is a relevant coupling, the renormalized trajectory is 
given by <h = 0, which is equivalent to 11 = 0. On the other hand, from the canonical 
transformation (|4.13|) , 11 is expressed as 


n = — 4c/i^ ( n — cm^0 


Thus, if we add the term 




(6.4) 


(6.5) 


to the Lagrangian ([4.2|) (or equivalently cm^V^(00^0) to the Lagrangian density), we 
can shift the conjugate momenta as 


TT —> TT -|- cm^<I>, If —^ If -f cm^0, ( 6 . 6 ) 

so that we have T oc vr and 11 cx 11. This enables us to pick up the renormalized trajectory 
with the mixed boundary conditions (11 = 0 ). 

® We consider only the case where the AdS*-^^ is stable. In the presence of a scalar field which describes 
a relevant coupling, this solution corresponds to the renormalized trajectory. 
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A General Theory of Higher-Derivative Systems 

In this appendix, we give a brief review on classical mechanics of higher-derivative systems 
with the action 


S[q]= / dtL{q,q,q). 

J to 

The variational principle gives the Euler-Lagrange equation: 

dt"^ \dq ) dt \dq ) ^ dq 


(A.l) 


(A.2) 


This system can also be investigated in the Hamilton formalism: We hrst introduce a 
Lagrange multiplier p to treat g as a new canonical variable Q: 


L (g, q,q) ^ piq-Q) + L (^q, Q, 


(A.3) 


We call Q the higher-derivative mode. Then, by making the Legendre transformation 
from Q to the conjugate momentum P = dL/dQ, this action can be rewritten into the 
hrst order form: 


S[q,Q,P,P] = dt 

Jto 


pq + PQ - H{q,Q;p,P) 


(A.4) 


with the Hamiltonian 


H{q, Q-,q,P) = pQ+P- f(q, Q, P) - L(q, Q, f(q, Q,P)). 


(A.5) 


Here f{q,Q,P) in ( |A.5| ) is obtained by solving P = dL{q,Q, f)/df = P{q,Q,f) in /. 
Again by the variational principle, we obtain the Hamilton equation 

dH ■ dH 


, dH ■ dH 

^ o TD ’ P O ’ 

dp dP dq 


P = 


dQ' 


(A.6) 
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together with the boundary conditions 


p5q + P6Q = 0 = 


(A.7) 


One can easily check that the Hamilton equation (|A.6|) is equivalent to the Euler-Lagrange 
equation ( |A.2| ). 

The boundary condition (|A.7|) is satished by the Dirichlet boundary conditions 


Sq = 0, 6Q = 0 {t = tQ,ti), 


(A.8) 


or the Neumann boundary conditions 


p = 0, P = 0 {t = to,ti), 


(A.9) 


for each variable q and Q. A choice of interest for us is to take the mixed boundary 
conditions, that is, we set the Dirichlet conditions for q (q'(fo) = Qo and g(fi) = qi) and 
the Neumann conditions for Q (-P(to) = P{ti) = 0). Then, if we substitute such classical 
solution into the bulk action S, the resulting classical action is a function only of the 
boundary values of the light mode q; S[q(t),Q{t),p{t), P(t)] = S{qo,to;qi,ti). 


In 1^, the mixed boundary conditions were adopted to establish the holographic 
principle in higher-derivative gravity systems. In fact, if we set the mixed boundary 
conditions for a bulk held (j){x,t) as ((){x,t = ta) = (j)a{,x) and Il{x,t = ta) = 0 (a = 0, 1),[3 
and carefully choose (j)i{x) such that the classical action is hnite in the limit ti —>■ -|-cxd, 
then the classical action becomes a functional only of (j)o{x) and to, S'[0o(a^),^o]- This 
may be interpreted as the hxed point action with the bare coupling 0o at the UV cutoff 
A = exp(—to), in the presence of an irrelevant operator corresponding to the higher- 
derivative mode of 0. In other words, the classical solution under the mixed boundary 
conditions may describe an RG how of the coupling constant along the renormalized 
trajectory. The main text of the present paper actually supports this idea. 


B Higher-Derivative Pure Gravity without Gauge Fixing 

In this appendix, we verify that Q{t) in the block spin gauge metric is actually the higher- 
derivative mode in the sense given in Appendix A. We give a discussion by explicitly 
n is the conjugate momentum of the higher-derivative mode $ (~ 0). 
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solving the equation of motion of (^) without assuming any particular form for the 
variables appearing in the metric ( p.2|) . 

Substituting into (|3.1|) , we obtain the Lagrangian of this system:[^ 




= 2A - d{d - 1) 


44 

N 


A 


m 

N 


2 


B 


44 

N 


, (B.l) 


where ■ = d/dr. Following the discussion of Appendix A, we introduce a Lagrange 
multiplier p to set 


4(4 = 


4 ^) 

N 


(B.2) 


The Lagrangian then becomes 


L = p(^q- NQ^ - (2A - d{d - 1)Q^ + BQ^ 

Since N is not dynamical, its classical value can be easily found to be 


(B.3) 


N = 


AQ 


2pQe<^^ -2 (2k- d{d - 1)Q^ + BQ^ 
Substituting this into the Lagrangian, we obtain the action for this system: 


(B.4) 


5= / dr ^pq + 2y pQ — (2A — d{d — 1)Q‘^ + BQ^^ 

' TO 


(B.5) 


Now we impose the condition (|2.4|) to q{T), which allows us to change the integration 
variable from r to q: 


S = 


'<?0 


dq-{p + 2\l 


pQ - (2A - d{d - 1)Q2 + 5Q4) 


(B.6) 


where 


Q{q) = g(r(g)). 


Here we ignore the boundary terms because they don’t affect the equation of motion. 


(B.7) 
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and ■ is now nnderstood to represent d/dq. The action (ED can be fnrther simplified by 
snbstitnting the classical valne of p, and we finally obtain the action 

This is nothing bnt the action (El in the block spin gange if we rewrite q as t. Thns we 
can conclnde that Q(t) in the block spin gange metric ( p.5|) corresponds to the higher- 
derivative mode introduced in Appendix A, and is related to the variable q in the temporal 
gauge (A^ = 1) as 


d{d-l)Q + BQ' 


(B.8) 


Q{t) = 


dq{T) 


dr 


(B.9) 


T=g-l(t) 


Using the same procedure, we can also derive ([4-81) from the temporal gauge metric (|2.3|) 
under the condition (|2.4|). 
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